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For a fissured medium, we analyze the impact that the geometry of the cracks, has in the phenomenon of
preferential fluid flow. Using finite volume meshes we analyze the mechanical energy dissipation due to
gravity, curvature of the surface and friction against its walls. We construct parameters depending on the
Geometry of the surface which are not valid for direct quantitative purposes, but are reliable for relative
comparison of mechanical energy dissipation. Such analysis yields Information about the preferential
flow directions of the medium which, in most of the cases is not deterministic, therefore the respective
Probability Spaces are introduced. Finally, we present the concept of Entropy linked to the geometry of
the surface. This notion follows naturally from the random nature of the Preferential Flow Information.
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1. Introduction
It is observed from experience, that the phenomenon of fluid flow through porous media is not uniform
in every direction, on the contrary, preferential paths are developed. The problem of preferential flow
has been extensively studied in recent years from several points of view and at different scales of mod-
eling, due to its remarkable importance in different fields such as oil extraction, water supply, pollution
of subsurface streams and soils, waste management, etc. At the pore scale, the presence of solutes and
colloids, chemical reactions, high viscosity of the fluid and saturation level have been included in dif-
ferent theoretical and/or empirical models; see [12, 14]. Nevertheless, upscaling this effects to that of
the geological medium, or field scale, has proved to be an extremely difficult task. A different approach
emphasizes on the multiple scale aspects of the problem, when preferential flow occurs because of the
presence of large pores (connected or not) or geological strata; which generates regions of fast and slow
flow exchanging fluid. Hence, several models of coupled systems of partial differential equations have
been proposed, such as dual [2, 4, 25] and multiple porosity models [24], microstructure models [22]
and the coupling of laws at different scale: see [3] for an analytic approach of a Darcy-Stokes system
and see [16] for a numerical treatment to a Darcy-Brinkman system. On a different line there are sev-
eral works, numerical [1, 17] or numerical/analytical [26], dealing with the discretization and numerical
aspects as well as the assessment and simulation of the proposed models. Yet another approach lies on
a probabilistic point of view [6, 9, 11] based on principles of conductivity. In this work we focus on the
impact that the Geometry of the cracks in a fissured medium has on this phenomenon.
Fissured media are common geological structures, here the fast flow occurs on the cracks while the
1
ar
X
iv
:1
40
2.
47
34
v1
  [
ma
th.
PR
]  
19
 Fe
b 2
01
4
2 of 25 FERNANDO A. MORALES
Γ1
Γ2
Γ3
(a) Fissured Medium
Γ1
u1
u2
m(u)
(b) Average Velocity on Fissured System Region
FIG. 1. Fissured Medium and Average Velocities
rock matrix constitutes the slow flow region. For small values of the Reynolds number it is intuitive to
see that the saturated flow on the fissures is predominantly parallel to the surface hosting it, see figure 1
(a). This fact has been shown in several rigorous mathematical works, see [2, 23] for homogenization
techniques and [8, 18, 19] for asymptotic analysis. In the present work we exploit this fact to compute
the “average direction” of tangential velocity fields hosted on a surface to predict the likely preferential
flow directions of the system. In figure 1 (b) a region of the fissured system is isolated in a way that
contains only one crack. Assuming the flow is isotropic on the rock matrix, it follows that the preferential
flow direction in this region strictly depends on the flow field hosted on the surface, i.e. its “average”
behavior. In this work we assume the medium has one single fissure Γ and state that its preferential flow
is the “average” tangential flow hosted on the surface Γ of the crack. Towards the end of the exposition
(section 5.3), it will be clear how to extend the method to a system with multiple fissures.
Describing the exact flow field on the fissures on one hand, has a complexity level essentially equiv-
alent to solving the problem of preferential direction itself, on the other hand for computational purposes
it is always necessary to discretize the surface together with the flow fields. Consequently we choose
a different approach: first we assume the medium has one single car we construct idealized flow fields
related to finite triangulations of a surface, defined only by certain aspects of the geometry of the sur-
face. Such fields are not realistic for describing the flow configuration on the manifold, however they
are useful to compare quantities of mechanical energy dissipation. Hence, in order to find the preferen-
tial flow directions amongst all the possible aforementioned flow fields, we apply the reasoning line of
the Arquimedian weight comparison method. As it turns out, in most of the cases the preferential flow
direction is not unique, and a probabilist treatment must be adopted.
Next, we introduce the notation, vectors in R2 and R3 will be denoted with bold characters and | · |
stands for the Euclidean norm. If x = (x1,x2,x3) ∈ R3 we denote x˜ = (x1,x2), and x = (x˜,x3). The
notation m(·) indicates computation of average according to the context. The unitary circle in R2 is
denoted by S1 and the unitary sphere in R!3 is denoted by S2. For a given set A we denote |A| its 2-D
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or 1-D Lebesgue measure in both cases, since it will be clear from the context and #A stands for its
cardinal. The paper is organized as follows: in sections 2, 3 and 4 the preferential flow phenomenon is
analyzed from the perspectives of Curvature, Gravity and Friction respectively. All of them are based
on comparing mechanical energy dissipation, therefore each section begins constructing adequate flow
fields to quantify these losses. Next, the exposition moves to a rigorous discussion of mathematical
aspects of the model; most of them necessary for a successful construction of the Preferential Flow
Directions Probability Space. Section 5 shows how to assemble the effects previously analyzed and
defines the entropy of the preferential flow information; then closes with final remarks and future work.
In the reminder of this section we present the geometric setting and the minimum necessary background
from fluid mechanics.
1.1 Geometric Setting and Triangulation of the Surface
This work will be restricted to the treatment of surfaces Γ coming from a piecewise C1-function ζ :
G→ R defined on an open bounded simply connected set G of R2. In particular the piecewise C1
2-D manifold Γ has an Atlas containing one element. The approximation of surfaces will be done
by piecewise linear affine triangulations. However, the triangulation has to meet certain geometric
conditions in order to be suitable for later quantifications of mechanical energy losses. Those conditions
are consistent with the concept of admissible mesh in the sense of [7, 10] (Definition 9.1 page 762); we
have
DEFINITION 1.1 Let Ω be an open bounded polygonal subset of Rd , d = 2,3. An admissible finite
volume mesh of Ω , denoted by T , is given by a family of “control volumes” {K : K ∈ T }, which
are open polygonal convex subsets of Ω , a family of subsets of cl(Ω) contained in hyperplanes of
R
d , denoted by E (these are the edges in two dimensions or faces in three dimensions of the control
volumes), with strictly positive (d− 1)-dimensional measure, and a family of points, of Ω denoted by
P satisfying the following properties:
(i) cl(Ω) = cl
⋃
K∈T K
(ii) For any K ∈ T , there exists a subset EK of E such that ∂K = cl(K)−K =⋃σ∈EK cl(σ). Further-
more, E =
⋃
K∈T EK .
(iii) For any (K,L)∈T 2 with K 6= L, either the (d−1)-dimensional Lebesgue measure of cl(K)∩cl(L)
is 0 or cl(K)∩ cl(L) = cl(σ) for some σ ∈ E , which will then be denoted by K|L.
(iv) The family P = {xK : K ∈ T } is such that xK ∈ cl(K) (for all K ∈ T ) and if σ = K|L, it is
assumed that xK 6= xL, and that the straight line DK,L going through xK and xL is orthogonal to
K|L.
(v) For any σ ∈ E such that σ ⊂ ∂Ω , let K be the control volume such that σ ∈ EK . If xK /∈ σ , let
DK,σ be the straight line going through xK and orthogonal to σ , then the condition DK,σ ∩σ 6= /0
is assumed. Define
yσ
def
= DK,σ ∩σ (1.1)
From now on we adopt triangular meshes as provided in [10]
DEFINITION 1.2 Let Ω be an open bounded polygonal subset of R2. We say a triangular mesh is a
family T of open triangular disjoint subsets of Ω such that two triangles having a common edge have
also two common vertices and such that all the interior angles of the triangles are less than pi2 .
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Clearly a triangular mesh described in the definition above meets the conditions of 1.1. In particular,
the condition on the interior angles assures that the orthogonal bisectors intersect inside each triangle,
thus naturally defining the points xK ∈ K. Since definitions 1.1 and 1.2 demand a polygonal domain we
introduce the collection of eligible polygons.
DEFINITION 1.3 Let Γ = {[x˜,ζ (x˜)] : x˜ ∈ G} be a piecewise C1 surface. We say a polygonal domain is
eligible for triangulation of Γ if it is contained in G and if its vertices lie on the boundary of G. From
now on we denote Poly(G) the family of all such polygons.
Now we introduce a central definition for the type of triangulations to be worked on
DEFINITION 1.4 Let Γ = {[x˜,ζ (x˜)] : x˜ ∈ G} be a piecewise C1 surface and K a triangular domain
contained in G with vertices {z` : 1 6 ` 6 3} ⊂R2 we define its “lifting” as the closed convex hull of
the points {[z`,ζ (z`)] : 1 6 ` 6 3} ⊂ R3. We denote this surface by Kζ and the outer unitary vector
perpendicular to it by n̂(K).
Next we define a Triangulation of the surface Γ .
DEFINITION 1.5 Let Γ be a piecewise C1 surface,H ∈ Poly(G) and T an admissible triangular mesh
ofH as in definition 1.2.
(i) We say the triangulation of Γ relative to the polygonH and the mesh T , is given by the “lifting”
Kζ of each element K ofT . We denote
ΓH ,T
def
=
⋃{
Kζ : K ∈T
}
(1.2)
(ii) The point of control pK is given by the unique point in Kζ such that its horizontal projection agrees
with xK , the circumcenter of K i.e.
pK− (pK · k̂) k̂ = xK (1.3)
Moreover pK is the “lifting” of xK .
(iii) Given an edge σ ∈ E and its middle point yσ , the associated “transmission point” is the unique
point qσ contained in ΓH ,T such that
qσ − (qσ · k̂) k̂ = yσ (1.4)
i.e. qσ is the “lifting” of yσ .
(iv) Define Eint
def
= {σ ∈ E : |σ ∩∂H |= 0} i.e. the set of interior edges of the triangulation T .
(v) For each element K ∈ T define its edge-influence triangles as the three subtriangles generated
by drawing rays from xK to each of its vertices. Figure 2 depicts the lifting of two neighboring
elements K and L, its common edge σ = K|L and the corresponding edge-influence triangles.
GEOMETRIC PARAMETERS AND PREFERENTIAL FLOW INFORMATION 5 of 25
FIG. 2. Edge Influence & Configuration
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1.2 The Strain Rate Tensor and Mechanical Energy Loss
For the sake of completeness we recall the definition of strain rate tensor [5]. Given a differentiable flow
field v : G→Rd , G open set inRd , the strain rate tensor D(v) : G→Rd×d is given by
D j,`(v)
def
=
1
2
(
∂v j
∂x`
+
∂v`
∂x j
)
, 16 j, `6 d (1.5)
Finally, the internal deformation energy of a viscous fluid is given by [13]
E =
2µ
ρ
D(v) : D(v) def=
2µ
ρ ∑j,`
∣∣D j,`(v)∣∣2 (1.6)
Where µ represents the viscosity and ρ the density of the fluid.
2. Preferential Flow due to Curvature
2.1 Flow Hypothesis
We want to compute a conservative tangential flow field, hosted within the surface Γ and totally defined
by its curvature. As already specified in the introduction, this paper will be restricted to the construc-
tion of a discretized flow field related to a triangulation ΓH ,T . The changes on the flow field must be
exclusively due to the changes of directions on the elements of the surface ΓH ,T . Then, for simplicity
we choose the following defining properties
(i) The velocity must be constant in magnitude and direction within a flat face.
(ii) The magnitude of the velocity must be constant on every part of the surface.
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(b) Vertical View
FIG. 3. Intersection Kζ ∩〈k̂〉⊥
(iii) The field must meet the continuity flow condition i.e. on the edge where two different faces
intersect the component of the velocities perpendicular to the edge must have the same magnitude.
For the construction of such velocity field we introduce a velocity of reference or master velocity which
will be denoted uΓ . Since the surface Γ is defined by a C1(G) function, no triangulation ΓH ,T contains
vertical faces, i.e. n̂(K) · k̂ 6= 0 for all K ∈ T . Hence, whichever tangential flow that the surface ΓH ,T
hosts has a non-null projection onto the plane 〈k̂〉⊥. Consequently, it is enough to assume that the
velocity of reference uΓ is hosted in the horizontal plane.
2.2 Construction of the Velocity Field
Let Γ be a piecewise C1 surface and ΓH ,T be a triangulation. Given a reference velocity uΓ we are to
build the velocity u(K) on the element Kζ (the lifting of K). If Kζ is horizontal i.e if n̂(K)≡ k̂ we simply
set u(K) = uΓ . For the non-trivial case when Kζ is not horizontal (n̂(K)× k̂ 6= 0), we proceed as follows.
In the figure 2.2 below we illustrate the relation between velocities. It depicts the horizontal and vertical
view of the intersection between the plane 〈k̂〉⊥ and the plane containing Kζ an element of ΓH ,T .
On the left hand side of figure 2.2 we have the reference velocity uΓ and a decomposition of the local
velocity u(K). The fine dashed line in the direction of the unitary vector ξK def= |n̂(K)× k̂|−1 n̂(K)× k̂
represents the intersection line of the plane containing Kζ and the plane 〈k̂〉⊥. We decompose uΓ in
two vectors lying on the horizontal plane 〈k̂〉⊥, one parallel to the intersection line 〈ξK〉 and the other
perpendicular to it i.e.
T (K)uΓ = T uΓ def=
(
uΓ ·ξ K)ξ K , (2.1a)
P(K)uΓ = PuΓ def= uΓ − (uΓ ·ξ K)ξ K , (2.1b)
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uΓ = T uΓ +PuΓ . (2.1c)
Since the component T uΓ belongs to the intersection of both planes 〈k̂〉⊥∩〈n̂(K)〉⊥, we set it equal to
the component of u(K) in the same direction i.e.
T (K)u(K) def= T (K)uΓ (2.2)
On the right hand side of figure 2.2 we depict the trace through the vertical plane Λ def= 〈ξ K〉⊥. Denote
P(K)u(K) the component of u(K) perpendicular to ξ K , we set this component to be a rotation of
P(K)uΓ by the angle θ(K), strictly contained in the plane 〈ξ K〉⊥; where the angle θ(K) is equal to the
angle formed between k̂ and n̂(K). Notice that the map uΓ ∈R2 7→ u(K) for fixed Kζ ∈ ΓH ,T is linear,
therefore writing uΓ = α1 ı̂+α2 ̂ a direct calculation yields
u(K)≡

1− n̂
2
1
1+ n̂ 3
− n̂1 n̂ 2
1+ n̂ 3
− n̂1 n̂ 2
1+ n̂ 3
1− n̂
2
2
1+ n̂ 3
n̂1 n̂ 2


α1
α2
 def=
(
VΓH ,T u
Γ
)
(K). (2.3a)
Where n̂(K) = n̂1̂ı+ n̂2̂+ n̂3k̂ . The global velocity field VΓH ,T u
Γ :H →R3 is defined by
VΓH ,T u
Γ (s) def= ∑
K∈T
u(K)1K(s) , s ∈H (2.3b)
REMARK 2.1 (i) By construction it is clear that the field in the expression (2.3) meets the criteria (i),
(ii) and (iii) of the flow hypothesis described at the begining of section 2.1.
(ii) Observe that if Kζ is horizontal, then u(K) = uΓ as expected i.e. the expression (2.3) covers all
the possible cases.
(iii) Whenever there is no ambiguity we will simply denote u=VΓH ,T u
Γ .
For the field of velocity given by expression (2.3) we define the average velocity in the natural way
m(VΓH ,T b)
def
= ∑
K∈T
|Kζ |
|ΓH ,T |
(
VΓH ,T b
)
(K) (2.4)
Clearly, the map m ◦VΓH ,T : R2 → R3 is linear. It is important to stress that m(VΓH ,T b) may not be
tangential to (or hosted within) ΓH ,T . Another important fact is the following
LEMMA 2.1 Let Γ be a piecewise C1 surface, ΓH ,T be a triangulation and the average velocity operator
m defined by (2.4), then
(i) ker(m◦VΓH ,T ) = {0}.
(ii) The space (m◦VΓH ,T )(R2) is two dimensional.
Proof.
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(i) Let b= α1̂ı+α2̂ such that |b|= 1 and K ∈T be arbitrary, then
(
VΓH ,T b
)
(K) ·b=
(
1− n̂
2
1
1+ n̂ 3
)
α21 −2
n̂1 n̂2
1+ n̂ 3
α1α2+
(
1− n̂
2
2
1+ n̂ 3
)
α22
= (α21 +α
2
2 )−
1
1+ n̂ 3
(n̂1α1+ n̂2α2)2 > 1− (|b||n̂|)2 = 0
Therefore, the horizontal projection of
(
VΓH ,T b
)
(K) makes an angle with b less or equal than pi2 .
This implies that the projection onto b satisfies
Pb
(
VΓH ,T b
)
(K) = λ b , λ > 0 , ∀K ∈T .
Finally, since b 6= 0 and the weighting coefficients in (2.4) multiplying
(
VΓH ,T b
)
(K) are positive
for all K ∈T , it follows that Pb
(
mΓH ,T (b)
)
6= 0; which concludes the first part.
(ii) Follows immediately from the previous part and the dimension theorem.

2.3 Dissipation of Mechanical Energy Model due to Curvature
The discrete model of mechanical energy dissipation due to change of direction has to be consistent with
the expression (1.6) i.e. we need to generate a discrete field of strain rate tensors using the velocity given
in (2.3). The flow field can change only from one element of the triangulation to another. Consequently,
the variations of the flow field across the edges define the strain rate tensor we seek.
DEFINITION 2.1 Let σ ∈ Eint and K, L be the two elements of ΓH ,T such that σ = K|L; denote pK ,pL
and u(K),u(L) the respective points of control and fluid velocity for each element.
(i) Define the strain rate tensor across σ by
Dk, `(σ)
def
=
1
2
[u(K)−u(L)] · êk
[pK−pL] · ê` +
1
2
[u(K)−u(L)] · ê`
[pK−pL] · êk , (2.5a)
D(σ) def=
{
Dk, `(σ) : 16 k, `6 3
}
. (2.5b)
Here ê1 = ı̂, ê 2 = ̂ and ê3 = k̂.
(ii) The strain tensor is extended to the whole surface ΓH ,T by
D(s) def= ∑
σ ∈Eint
D(σ)
[
1A(σ ,K)+1A(σ ,L)
]
(s) , s ∈H . (2.6)
Where A(σ ,K) and A(σ ,L) denote the edge-influence triangles of K and L respectively, incident
on σ given in (v) definition 1.5. Figure 2 displays a horizontal view of two neighboring elements.
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Finally, using (2.6) to compute (1.6) we have that the global dissipation of energy on the triangulation
ΓH ,T under the master velocity uΓ is given by
Ucurv(uΓ )
def
=
2µ
ρ ∑σ ∈Eint
{
|Aζ (σ ,K)|+ |Aζ (σ ,L)|
}
D(σ) : D(σ). (2.7)
Here |Aζ (σ ,K)|, |Aζ (σ ,L)| are the areas of the lifted adjacent triangles A(σ ,K), A(σ ,L) respectively.
Clearly Ucurv depends only on the triangulation ΓH ,T and the master velocity uΓ .
REMARK 2.2 Given a triangulation ΓH ,T of a piecewise C1 surface Γ , denote by diam(ΓH ,T ) the
maximum diameter of its elements Kζ . Letting diam(ΓH ,T )→ 0, on one hand, the map s ∈H 7→
∑K∈T n̂(K)1K converges (non-conformally) to s ∈H 7→ n̂(s) almost everywhere; on the other hand,
the distance |pK − pL| tends to zero. Due to the definition of the flow field VΓH ,T uΓ given in (2.3),
the expression (2.5) starts approaching values of a directional derivative of the map s ∈ Γ 7→ n̂(s) (on
the points where is differentiable); and the curvature information of the surface Γ is contained in these
derivatives. Hence, the tensor proposed in (2.5) and the mechanical energy dissipation proposed in (2.7)
are heavily defined by the curvature (or rather an approximation of the curvature) of the surface Γ .
2.4 Minimum and Maximum Mechanical Energy Dissipation due to Curvature
By definition the functional Ucurv :R2→R is a quadratic form, then it holds that
Ucurv(b) = bT Mcurvb, (2.8)
for Mcurv symmetric, positive semi-definite matrix. Due to the spectral theorem, the matrix Mcurv is
orthogonally diagonalizable. Denote 06 λ16 λ2 the eigenvalues and { f̂1, f̂2} an associated orthonormal
basis of eigenvectors, then
Ucurv(b) = λ1 (b · f̂1)2+λ2(b · f̂2)2,
λ1 = min{Ucurv(b) : |b|= 1}=Ucurv( f̂1),
λ2 = max{Ucurv(b) : |b|= 1}=Ucurv( f̂2).
(2.9)
i.e. the question of minimum and maximum mechanical energy dissipation due to curvature of the
surface is equivalent to an eigenvalue problem of Mcurv ∈R2×2.
2.5 Preferential Fluid Flow Directions Due to Curvature and Their Probability Space.
The Preferential Fluid Flow Directions of the surface ΓH ,T due to Curvature are given by
ϖcurv
def
=
{
m(VΓH ,T b)
|m(VΓH ,T b)|
: b 6= 0,Ucurv(b) = λ1|b|2
}
. (2.10)
Due to lemma 2.1 part i the set ϖcurv is well-defined. It is direct to see that if λ1 < λ2 then ϖcurv
will have two elements, namely |mΓH ,T ( f̂1)|−1mΓH ,T ( f̂1) and |mΓH ,T (− f̂1)|−1mΓH ,T (− f̂1) for f̂1 the
unitary vector associated to λ1. On the other hand if λ1 = λ2 then ϖcurv has infinitely many elements
due to lemma 2.1 part ii. In both cases it can not be chosen which direction within ϖcurv is preferential
over the others. Due to the uncertainty of this information we must treat it from a Probabilistic point of
view. In order to give a consistent definition for the probability space of preferential directions we need
to introduce a previous one for technical reasons.
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DEFINITION 2.2 Let Γ be a piecewise C1 surface, ΓH ,T be a triangulation and ωcurv = {b ∈ S1 :
Ucurv(b) = λ1}, consider the surjective function
ϕ : ωcurv→ ϖcurv , ϕ(ê) def=
m(VΓH ,T ê)
|m(VΓH ,T ê)|
. (2.11)
Let β be the family of all Borel sets of S1 intersected with ωcurv, define the following σ -algebra
τcurv
def
=
{
A ∈℘(ϖcurv) : ϕ−1(A) ∈ β
}
. (2.12)
Where℘(ϖcurv) is the power set of ϖcurv.
Finally, we endow the preferential flow space with the uniform probability distribution.
DEFINITION 2.3 Let Γ be a piecewise C1 surface, ΓH ,T be a triangulation and ϖcurv be the associated
preferential fluid flow directions defined in (2.10) then
(i) If λ1 < λ2 then #ϖcurv = 2; define
Pcurv
{
m(VΓH ,T f̂1)
|m(VΓH ,T f̂1)|
}
def
=
1
2
, Pcurv
{
m(VΓH ,T (− f̂1))
|m(VΓH ,T (− f̂1))|
}
def
=
1
2
. (2.13)
Where f̂1 is the eigenvector associated to λ1.
(ii) If λ1 = λ2 define
Pcurv[A]
def
=
1
µ(ϕ−1(ϖcurv))
µ(ϕ−1(A)) =
1
µ(ωcurv)
µ(ϕ−1(A)) , ∀A ∈ τcurv. (2.14)
Here µ indicates the arc-length measure in S1.
3. Preferential Flow Due to Gravity
In the present section we address the question of quantifying the impact of gravity on the preferential
flow directions, then we require a flow field generated uniquely due to this effect. The problem is
approached with a very similar analysis to the one presented in section 2. An appropriate variation on
the flow hypothesis and the same construction of finite volume mesh for the triangulation of a piecewise
C1 surface will be used.
3.1 Flow Hypothesis
For a given triangulation ΓH ,T of the surface Γ , the idealized flow field must experience changes only
due to the relative difference of heights of the flat faces of the elements of the triangulation. Hence, it
must satisfy the following conditions
(i) The velocity is constant in magnitude and direction within a flat face.
(ii) The magnitude of the velocity within a flat element Kζ is given by
|u(K)| def=
√
2g
(
1
2g
+ zmax−pK · k̂
)
. (3.1a)
GEOMETRIC PARAMETERS AND PREFERENTIAL FLOW INFORMATION 11 of 25
Where g is the gravity and
zmax
def
= max
{
pL · k̂ : L ∈T
}
. (3.1b)
The addition of the quantity 12g to the height of reference in the expression (3.1a) above is meant to
have velocities of magnitude 1 on the volumes of control Lζ of highest altitude (where the velocity
has minimum magnitude).
(iii) The field must meet the continuity flow condition, therefore the discharge rate Q0 must remain
constant. Thus, for all K,L ∈T it must hold
w(K) |u(K)|= w(L) |u(L)| ≡ Q0 def= 1. (3.2)
Here w(K) indicates the height of the fluid layer on the element Kζ . For simplicity we defined the
discharge rate to be 1.
REMARK 3.1 Observe that in condition (iii) above we needed to introduce the fluid layer height w(L).
However it is the reciprocal of the velocity magnitude |u(L)| i.e. it is not and independent variable.
3.2 The Velocity Field Due to Gravity
Using the construction of the velocity field presented in section 2.2 we have that for a given master
velocity uΓ = α1 ı̂+α2 ̂ and K ∈T , the velocity at the volume of control Kζ is given by
u(K)≡
√
2g
(
1
2g
+ zmax−pL · k̂
)

1− n̂
2
1
1+ n̂ 3
− n̂1 n̂ 2
1+ n̂ 3
− n̂1 n̂ 2
1+ n̂ 3
1− n̂
2
2
1+ n̂ 3
n̂1 n̂ 2


α1
α2
 def=
(
GΓH ,T u
Γ
)
(K).
(3.3a)
With n̂(K) = n̂1̂ı+ n̂2̂+ n̂3k̂ . The global velocity field GΓH ,T u
Γ :H →R3 is defined by
GΓH ,T u
Γ (s) def= ∑
K∈T
u(K)1K(s) , s ∈H . (3.3b)
Again, the average operator has analogous properties
LEMMA 3.1 Let Γ be a piecewise C1 surface, ΓH ,T be a triangulation and the average velocity operator
m defined by (2.4), then
(i) ker(m◦GΓH ,T ) = {0}.
(ii) The space (m◦GΓH ,T )(R2) is two dimensional.
Proof. Identical to the proof of lemma 2.1. 
3.3 Dissipation of Mechanical Energy Due to Gravity
We compute the loss of mechanical energy due to gravity applying the procedure presented in section
2.3, but using the flow field defined by the equations (3.3). It is important to observe that the outcome is
not a multiple of the previous case given by the tensor D(σ) in (2.5), because the difference u(K)−u(L)
has new values of velocity magnitude, although the geometric characteristics of the triangulation are
preserved.
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3.4 The Related Eigenvalue Problem
The analysis made in section 2.4 is entirely applicable in the current case i.e. for a master velocity
b ∈R2, the dissipation of mechanical energy due to the induced velocity field is given by
Ugrav(b) = bT Mgravb
With Mgrav symmetric, positive semi-definite matrix. Again, the spectral theorem yields the existence
of an orthonormal basis of eigenvectors { f̂1, f̂2} such that
Ugrav(b) = λ1
(
b · f̂1
)2
+λ2
(
b · f̂2
)2
. (3.4)
For 06 λ1 6 λ2. Define the minimizing set
ωgrav
def
=
{
b ∈ S1 : Ugrav(b) = λ1
}
. (3.5)
The set of Preferential Fluid Flow Directions of the surface ΓH ,T due to gravity has to be contained in{
m(GΓH ,T b)
|m(GΓH ,T b)|
: b ∈ ωgrav
}
. (3.6)
As in section 2.5 there are two possible cases. If λ1 < λ2, then ωgrav has only two points, namely f̂1 and
− f̂1 for f̂1 the unitary eigenvector associated to λ1. If λ1 = λ2, then the set ωgrav has infinitely many
elements. However, in both cases a further analysis has to be made in order to determine the preferential
flow directions.
3.5 The External Mechanical Energy of the Fluid and the Entropy Choice Function
So far Ugrav(b) accounts for the total internal energy dissipation, and due to (3.4) Ugrav(b) =Ugrav(−b)
for all b ∈R2, therefore a final criterion needs to be set in order to decide which direction in {b,−b} is
preferential over the other, or if none of them is. First we introduce a definition
DEFINITION 3.1 For any Kζ ⊂ ΓH ,T we denote {ν K` : 1 6 ` 6 3} ⊂ R3 the outward normal vectors
of the edges such that ν K` · n̂(K) = 0. If σ is an edge of the element K we will use ν Kσ to designate the
outer normal vector perpendicular to σ and n̂(K).
The total external energy of the free fluid is given by the algebraic sum of kinetic and potential
energies, this is
Egrav(uΓ )
def
=
1
2
ρ ∑
K∈T
|Kζ |w(K) ∑
σ ∈E ,σ⊆∂K
ν Kσ ·u(K)>0
ν Kσ · u(K)
∑{ν Kτ · u(K) : τ ∈ ∂K, ν Kτ · u(K)> 0}
∣∣ν Kσ · u(K)∣∣2
+ρ g ∑
K∈T
|Kζ |w(K) ∑
σ=K|L
ν Kσ ·u(K)>0
ν Kσ · u(K)
∑{ν Kτ · u(K) : τ ∈ ∂K, ν Kτ · u(K)> 0}
(
pL−pK) · k̂
+ρ g ∑
K∈T
|Kζ |w(K) ∑
σ ∈E−Eint
σ⊆∂K,ν Kσ ·u(K)>0
ν Kσ · u(K)
∑{ν Kτ · u(K) : τ ∈ ∂K, ν Kτ · u(K)> 0}
(
qσ −pK) · k̂. (3.7)
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In the expression above g is the gravity, ρ the fluid density and {u(K) : K ∈T } is the flow field defined
by (3.3a). The approximations for kinetic and potential energy are given by 12 ρ |Kζ |w(K)|ν Kσ ·u(K)|2
and ρ g |Kζ |w(K)(pL−pK) · k̂ respectively. The condition ν Kσ ·u(K) > 0 chooses which edges of the
element K are “downstream”. The kinetic energy is quantified only in the summand of the first line of
the right hand side in (3.7). However, the potential energy needs to be quantified using sub-cases, in
(3.7) the second line accounts for the interior edges while the third line for the exterior edges. The latter
uses the transmission point qσ defined in (1.4). All the quantities are weighted by the factor: ∑τ∈∂K
ν Kτ ·u(K)>0
ν Kτ · u(K)

−1
ν Kσ · u(K). (3.8)
The weight above accounts for the fraction of fluid mass flowing through the edge σ .
REMARK 3.2 Observe that unlike Ugrav the function Egrav(·) is not even because of the “downstream
choice” ν Kσ ·u(K)> 0. More precisely since #{σ ⊆ K : ν Kσ ·u(K)> 0} ∈ {1,2} we have
If #{σ ⊆ K : ν Kσ · (u(K))> 0}= 2 , then #{σ ⊆ K : ν Kσ · (−u(K))> 0}= 1 .
If #{σ ⊆ K : ν Kσ · (u(K))> 0}= 1 , then #{σ ⊆ K : ν Kσ · (−u(K))> 0}= 2.
Consequently Egrav(−uΓ ) /∈ {Egrav(uΓ ),−Egrav(uΓ )}, i.e. Egrav(·) is neither even, nor odd.
Finally, we use Egrav in (3.7) to decide the preferential direction
DEFINITION 3.2 Let h :R2→R2 be the Entropy Choice Function defined as follows
h(b) =
{
b Egrav(b) = max
{
Egrav(b),Egrav(−b)
}′
, ,
−b Egrav(b)< max
{
Egrav(b),Egrav(−b)
}
.
(3.9)
Given the fact that the flow fields induced by b and−b satisfy Ugrav(b) =Ugrav(−b) as seen in (3.4),
the Entropy Choice Function states the flow occurs Preferentially on one direction over the other. This
way, it provides the choice when the Internal Energy States of the flow configurations are identical [20].
3.6 Preferential Fluid Flow Directions due to Gravity and Their Probability Space
Having h at our disposal we define the preferential directions by
ϖgrav
def
=
{
m(GH ,T (b))
|m(GH ,T (b))| : b ∈ ωgrav, b= h(b)
}
. (3.10)
As for the probabilistic distribution we have three possible cases.
Case 1. λ1 < λ2, f̂1 6= h( f̂1) or − f̂1 6= h(− f̂1). In this case the set ωgrav has two points and we can
decide between f̂1 or − f̂1, without loss of generality we assume f̂1 = h( f̂1) then set ϖgrav has only one
point and it has Probability 1.
Pgrav
{
m(GH ,T ( f̂1))
|m(GH ,T ( f̂1))|
}
= 1 . (3.11)
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Case 2. λ1 < λ2, f̂1 = h( f̂1) and− f̂1 = h(− f̂1). In this case the set ϖgrav has exactly two points and
we can not decide between them. Therefore we adopt the Uniform Probabilistic Distribution i.e.
Pgrav
{
m(GH ,T ( f̂1))
|m(GH ,T ( f̂1))|
}
=
1
2
, Pgrav
{
m(GH ,T (− f̂1))
|m(GH ,T (− f̂1))|
}
=
1
2
. (3.12)
Case 3. λ1 = λ2. In this case every ê ∈ S1 minimizes the dissipation of internal mechanical energy
of the fluid due to gravity Ugrav, however h(·) remains as a criterion to discriminate. In order to define
a probability on ϖgrav, a couple of previous results are needed
LEMMA 3.2 The function Egrav : S1→R is continuous.
Proof. Choose Kζ ∈ ΓH ,T , since the map u 7→ u(K) is continuous the following maps are also
continuous
u 7→ u(K) ·νKσ ,
u 7→ νKσ ·u 1(0,∞)(ν Kσ · u(K)) ,
u 7→ νKσ ·u |νKσ ·u|2 1(0,∞)(ν Kσ · u(K)) ,
u 7→ ∑
σ∈E ,σ⊆∂K
νKσ ·u>0
νKσ ·u= ∑
σ∈E ,σ⊆∂K
νKσ ·u 1(0,∞)(ν Kσ · u(K)).
Moreover the last map above is bounded away from zero, therefore the quotient of the second over the
fourth, as well as the quotient of the third over the fourth are continuous. Finally, since Egrav is a linear
combination of these type of quotients it is also continuous. 
THEOREM 3.3 Consider the set
Rgrav
def
=
{
ê ∈ ωgrav : ê = h(ê)
}
. (3.13)
(i) The set Rgrav is measurable.
(ii) The set Rgrav has positive arc-length measure in S1.
Proof.
(i) First observe that the function φ(b) def= max{Egrav(b),Egrav(b)} is continuous and the following
equality holds
h(b) = b
(
1{0} ◦ (φ −Egrav)
)
(b)−b (1(0,∞) ◦ (φ −Egrav))(b)
Then h(·) is a measurable function since it is the composition of measurable functions. On the
other hand, denoting id the identity function on S1, the set Rgrav can be written as
Rgrav = (id−h)−1{0}
Since Rgrav is the inverse image of a Borel set through a measurable function, it is measurable.
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(ii) If
{
ê ∈ S1 : ê = h(ê)} = S1 there is nothing to prove. If not, there exists an element in S1,
namely −ê0 such that −ê0 6= h(−ê0) i.e. Egrav(−ê0)< Egrav(ê0). Notice that F(b) def= Egrav(b)−
Egrav(−b) is a continuous function, hence, defining ε def= F(ê0) > 0 there must exist δ > 0 such
that |ê− ê0|< δ implies |F(ê)−F(ê0)|< ε2 . This implies ε2 < F(ê) which gives the inclusion
{ê ∈ S1 : |ê− ê0|< δ} ⊆ Rgrav.
Since an open non-empty neighborhood of S1 has positive arc-length measure the result follows.

Now we endow the set ϖgrav with a natural σ -algebra as in definition 2.2.
DEFINITION 3.4 Let Γ be a piecewise C1 surface, ΓH ,T be a triangulation and Rgrav defined in (3.13).
Consider the surjective function
ϕ : Rgrav→ ϖgrav , ϕ(ê) def= m(GH ,T (ê))|m(GH ,T (ê))| . (3.14)
Let β be the family of all Borel sets of S1 intersected with the set Rgrav, we define the following σ -
algebra
τgrav
def
=
{
A ∈℘(ϖgrav) : ϕ−1(A) ∈ β
}
, (3.15)
where℘(ϖgrav) is the power set of ϖgrav.
Finally, the Probabilistic Distribution for the non-discrete case follows in a natural way
DEFINITION 3.5 Consider the measure space (ϖgrav,τgrav), for any A ∈ τgrav define
Pgrav [A]
def
=
1
µ(Rgrav)
µ
[
ϕ−1(A)
]
. (3.16)
With µ the arc-length measure in S1.
4. Preferential Fluid Flow due to Friction
In the present section we address the question of finding a fluid flow configuration that minimizes the
mechanical energy dissipation due to friction. To that end we use the same setting: Γ a piecewise
C1 surface and a triangulation ΓH ,T . We also adopt the same flow hypothesis assumed in section 2.1
leading to the velocity field constructed in section 2.2, equation (2.3). Hence, the velocity u(K) within
a volume of control Kζ is constant and depends linearly with respect to a master velocity uΓ ∈R2.
4.1 Mechanical Energy Dissipation due to Friction
The dissipation of mechanical energy due to friction is proportional to the magnitude of the velocity
and to the length of the path that a fluid particle must travel i.e. it is proportional to the Length of the
Stream Lines. Figure 4 depicts a fixed volume of control Kζ , the constant velocity u(K) within and
in segmented blue lines the Stream Lines. A simple calculation shows that the Average Length of the
16 of 25 FERNANDO A. MORALES
FIG. 4. Stream Lines, Volume of Control Kζ , Horizontal View
σ 2
u(K )
σ 3
σ 1
d=d (K ,uΓ )
Kζ
Stream Lines is given by 12 d where d = d(K,u
Γ ) is the maximum length of the segments parallel to
u(K) contained inside Kζ . Therefore the energy dissipation due to friction is given by
F (uΓ ) def= γ ∑
K∈T
1
2
|Kζ |d (K,uΓ ) |u(K)|= 1
2
γ |uΓ | ∑
K∈T
d
(
K,uΓ
) |Kζ |. (4.1)
In the expression above γ is the friction coefficient depending on the material of the walls of the fissure,
|Kζ | is the area of the volume of control Kζ and |uΓ | is the magnitude of the master velocity uΓ . The
second equality in (4.1) uses the fact that, by construction |u(K)|= |uΓ | for all K ∈T . The expression
(4.1) implies that we need to address the question
vΓ ∈ S1 :F (vΓ ) = min{F (b) : b ∈ S1} . (4.2)
However, the functional F (·) does not have the same quadratic structure as Ucurv or Ugrav due to the
presence of the map uΓ 7→ d(K,uΓ ). Although proving the existence of minima is easy to show, charac-
terizing them is extremely difficult. Nevertheless it will be shown that the set of preferential directions
can be turned into a suitable probability space. To that end, the function uΓ 7→ d(K,uΓ ) needs to be
further studied.
4.2 The Minimizing Set ofF
We start analyzing a problem closely related to the map uΓ 7→ d(K,uΓ ), introducing an auxiliary func-
tion
DEFINITION 4.1 The parametrized inner-segment length function χ :R→ [0,∞) is defined by
χ(t) def= d(cos t,sin t).
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It is immediate to see that χ is pi-periodic. Now consider the following family of particular triangles
inR2, see figure 5.
C
def
= {∆ ⊆R2 : ∆ is a triangle with one of its sides defined by the unitary vector ı̂
and a second side defined by a vector c(cosθ ,sinθ) for 0 < θ < pi, c > 0}. (4.3)
With the definition above we have the following result
PROPOSITION 4.2 Let ∆ be an element of C
(i)) The parametrized inner-segment length function χ : [0,pi]→ R is described by the following
expression
χ(t) =
c sinθ
c sin(θ − t)+ sin t 1[0,θ ]+ c
sinθ
sin t
1[θ , t0]+
sinθ
sin(t−θ)1[t0,pi]. (4.4)
Where t0 ∈ [0,pi] is such that (cos t0,sin t0) is parallel to the third side (c cosθ −1,c sinθ).
(ii)) The function χ is continuous.
Proof. (i) By direct calculation. (ii) Follows directly from the expression (4.4) in the previous part. 
REMARK 4.1 Observe that any triangle in ∆ ⊆R2 can be reduced to an element of C by dilation and
rotation maps. The first map only amplifies the values of χ , while the second map only shifts the sub-
intervals of definition, which will become at most four. In all the cases the function χ is described by
rational trigonometric functions bounded away from singularities.
In order to extend the analysis to the elements of the triangulation we define a new family
D
def
= {∆ ⊆R3 : ∆ is a triangle whose orthogonal projection onto the horizontal plane 〈k̂〉⊥,
is an element of A }. (4.5)
Now we describe the function χ on the family D .
PROPOSITION 4.3 Let ∆ be an element of D , n̂ be the normal vector orthogonal to ∆ and let ∆0 be the
orthogonal projection of ∆ onto the horizontal plane 〈k̂〉⊥.
(i) Let χ,χ0 : [0,pi]→ R be the respective parametrized inner-segment length functions then, the
following relation holds
χ(t) =
1√
1− (n̂ · (cos t,sin t,0))2 χ0(t). (4.6)
(ii) The function χ : [0,pi]→ [0,∞) is continuous.
Proof.
(i) It suffices to observe that the factor affecting χ0(t) in (4.6) is the amplification factor on the seg-
ment length (or vector norm) due to the “lifting” of the segment χ0(t)(cos t,sin t) contained in ∆0
onto the triangle ∆ .
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FIG. 5. Triangle & Inner Segments
î
θ
c (cosθ , sinθ )
χ (t )=d ( cos t , sin t)= c sinθc sin (θ −t)+sin tχ (t )=d ( cos t , sin t)=c
sinθ
sin t
χ (t )=d (cos t , sin t)= sinθ
sin (t−θ)
Δ
(ii) Follows immediately from the continuity of χ0 shown in part (ii) of proposition 4.2 and the relation
(4.6) given by the previous part.

REMARK 4.2 Observe that any triangle in ∆ ⊆R3 can be reduced to an element of B. Denote ∆0 the
orthogonal projection of ∆ on the horizontal plane 〈k̂〉⊥. Then, the dilation and rotation maps that turn
∆0 into an element of C also turn ∆ into an element of D .
THEOREM 4.4 Let Γ be a piecewise C1 surface and ΓH ,T be a triangulation. Then, the functional F
attains its minimum on S1.
Proof. Using the definition ofF , consider the function X : [0,pi]→ [0,∞)
X(t) def= F (cos t,sin t) =
1
2
γ ∑
K∈T
d (K,(cos t,sin t)) |Kζ |.
Since X is the sum of continuous functions as seen in proposition 4.3 part (ii), the function X is con-
tinuous. Since it is defined on the compact set [0,pi] it must attain its minimum at a point, namely t0.
Finally, since
X(t0) = min{X(t) : t ∈ [0,pi]} ≡min{F (uΓ ) : uΓ ∈ S1}=F (cos t0,sin t0),
the result follows. 
LEMMA 4.1 Let ∆ ⊆R3 be a triangle, χ : [0, pi]→ [0,∞) its parametrized inner-segment length function
and {In : 1 6 n 6 N} the disjoint open sub-intervals of piecewise definition, with N ∈ {3,4}. Then for
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each In the function χ|In has an analytic extension to an open connected set Un of the complex plane,
containing the closure of In.
Proof. Due to propositions 4.2 and 4.3 as well as remarks 4.1, 4.2 we observe that the function
χ|In is a rational trigonometric function bounded away from singularities. Therefore, the map z 7→ χ(z)
is well-defined and analytic in a neighborhood of the closure of In for each 16 n6 N. 
Finally we present the result that will allow us to define the uniform probability on the set of prefer-
ential directions.
THEOREM 4.5 Let Γ be a piecewise C1 surface and ΓH ,T be a triangulation. Then, the minimization
set
ω f riction
def
=
{
uΓ ∈ S1 :F (uΓ ) = min{F (vΓ ) : vΓ ∈ S1}} , (4.7)
has either a finite number or elements or, it has positive Lebesgue measure.
Proof. Let K be an element of ΓH ,T and χK : [0,2pi]→ [0,∞) be its parametrized inner-segment length
function, extended by periodicity from [0,pi] to [0,2pi]. Let {tKj : 16 j 6 J(K)} be the points in (0,2pi)
connecting the disjoint sub-intervals {IKn : 1 6 n 6 N(K)} of definition for χK ; with J(K) = N(K)− 1
and N(K) ∈ {5,6}. Define the set
D def= {0, 1}
⋃
K∈T
{tKj : 16 j 6 J(K)}.
This set is finite and therefore it can be ordered monotonically 0 = t0 < t1 < .. . < tJ = 2pi . Denote
In
def
= (t j−1, t j) for all 1 6 j 6 J. Let {UKn : 1 6 n 6 N(K)} be the open sets of analytic extension for
χK
∣∣
In
such that cl(IKn )⊆UKn . Define the following sets
U j
def
=
⋂
{UKn : I j ⊆ IKn , K ∈T } , 16 j 6 J. (4.8)
The set U j is open connected since it is the finite intersection of open connected sets and since cl(I j)⊆
cl(IKn ) ⊆ UKn for all the chosen open sets in (4.8), this implies that cl(I j) ⊆ U j. Also observe that
{U j : 16 j 6 J} is an open covering of the interval [0,2pi]. Consider the function X j : U j→C
X j(z)
def
=
1
2
γ ∑
K∈T
χK
∣∣
U j
(z) |Kζ |−min{F (uΓ ) : uΓ ∈ S1} , 16 j 6 J.
This function is also analytic because the map χK
∣∣
U j
is analytic for all 1 6 j 6 J. If the minimization
set ω f riction defined in (4.7) contains a finite number of points there is nothing to prove. If it contains
infinitely many points, then it has a convergent subsequence to a point ξ ∈ [0,2pi]. Let U j0 be one of the
sets in the covering {U j : 1 6 j 6 J} such that ξ ∈U j0 then, the zeros of the function X j0 have a limit
point, therefore it must be constant and ω f riction ⊇ I j0 . Recall that ω f riction =F−1({minS1F}) is the
inverse image of a point through a continuous function and therefore it is a measurable set. Seeing that
the interval I j0 is non-degenerate, we conclude that ω f riction has positive Lebesgue measure. 
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4.3 Probability Space of Preferential Fluid Flow Directions due to Friction
We follow the same reasoning presented in section 2.5. The Preferential Fluid Flow Directions of the
surface ΓH ,T due to Friction are given by
ϖ f riction
def
=
{
m(VΓH ,T b)
|m(VΓH ,T b)|
: b ∈ ω f riction
}
. (4.9)
Now we define the natural σ -algebra on ϖ f riction.
DEFINITION 4.6 Let Γ be a piecewise C1 surface, ΓH ,T be a triangulation and the minimizing set
ω f riction defined in (4.7). Consider the surjective function
ϕ : ω f riction→ ϖcurv , ϕ(ê) def=
m(VΓH ,T ê)
|m(VΓH ,T ê)|
. (4.10)
Let β be the Borel tribe in S1 intersected with ω f riction, define the following σ -algebra
τ f riction
def
=
{
A ∈℘(ϖ f riction) : ϕ−1(A) ∈ β
}
. (4.11)
Where℘(ϖ f riction) is the power set of ϖ f riction.
Finally, we endow the preferential flow space with the uniform probability distribution
DEFINITION 4.7 Let Γ be a piecewise C1 surface, ΓH ,T be a triangulation andϖ f riction be the associated
preferential fluid flow directions defined in (4.9) then
(i) If ϖ f riction is finite, define
P f riction {ê} def= 1#ϖ f riction , ∀ ê ∈ ϖ f riction. (4.12)
(ii) If ϖ f riction is infinite, define
P f riction[A]
def
=
1
µ(ϕ−1(ϖ f riction))
µ(ϕ−1(A)) =
1
µ(ω f riction)
µ(ϕ−1(A)) , ∀A ∈ τ f riction. (4.13)
Here µ indicates the arc-length measure in S1.
REMARK 4.3 Due to the theorem 4.5 the probability given in the definition above is well-defined. Hence
(ϖ f riction,τ f riction,P f riction) is a probability space.
5. The Global Space of Preferential Fluid Flow Directions and Closing Remarks
In this section we use the Superposition Principle to assemble the effect of the factors analyzed in the
previous sections.
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5.1 Global Space of Preferential Fluid Flow Directions
In the following assume that τcurv, τgrav and τ f riction are the σ -algebras corresponding to each preferen-
tial setϖcurv,ϖgrav andϖ f riction. If one of the preferential sets is discrete it is assumed that the associated
σ -algebra is its power set. Now we introduce some definitions.
DEFINITION 5.1 Let Γ be a piecewise C1 surface and ΓH ,T be a triangulation. The minimizing space
associated to the triangulation ΓH ,T is defined by
ω
(
ΓH ,T
) def
= ϖcurv× ϖgrav×ϖ f riction , (5.1a)
endowed with the product σ -algebra
τω
def
= τcurv⊗ τgrav⊗ τ f riction , (5.1b)
and the product probability measure
Pω
def
= Pcurv⊗Pgrav⊗Pf riction . (5.1c)
DEFINITION 5.2 We define the weights of the preferential directions coming from each effect in the
following way
p1
def
=
minUcurv
minUcurv+minUgrav+minF
, (5.2a)
p2
def
=
Uwidth+minUgrav
Ucurv+minUgrav+minF
, (5.2b)
p3
def
=
minF
minUcurv+minUgrav+minF
. (5.2c)
Next we define the Space of Preferential Directions
DEFINITION 5.3 Let Γ be a piecewise C1 surface, ΓH ,T be a triangulation and consider the function
Φ : ϖcurv×ϖgrav×ϖ f riction→ S2∪{0} defined by
Φ(a1,a2,a3)
def
=

p1 a1+ p2 a2+ p3 a3
|p1 a1+ p2 a2+ p3 a3| p1 a1+ p2 a2+ p3 a3 6= 0,
0 p1 a1+ p2 a2+ p3 a3 = 0.
(5.3)
The Space of Preferential Directions is given by
ϖ
(
ΓH ,T
) def
= Φ
(
ω
(
ΓH ,T
))
=Φ
(
ϖcurv× ϖgrav×ϖ f riction
)
, (5.4a)
endowed with the σ -algebra
τ
(
ΓH ,T
) def
= {A⊆ ϖ (ΓH ,T ) : Φ−1(A) ∈ τcurv⊗ τgrav⊗ τ f riction , (5.4b)
and the probability measure
PΓH ,T )[A]
def
= Pω [Φ−1(A)] . (5.4c)
REMARK 5.1 Observe that unlike the previous cases of analysis the direction 0 is actually possible.
This would mean that the medium is isotropic: it is the unlikely event that the analyzed effects cancel
each other, i.e. they “average out”.
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5.2 Entropy of the Preferential Fluid Flow Information
Finally, appealing to Shannon’s information theory [21] we present a definition of the Geometric Entropy
of the triangulation ΓH ,T , as a measure of the amount of uncertainty in the phenomenon of preferential
fluid flow.
DEFINITION 5.4 Denote Σ
(
ΓH ,T
)
the family of all countable partitions of ϖ
(
ΓH ,T
)
such that each
set is τ
(
ΓH ,T
)
-measurable.
The concept of entropy on the elements of Σ
(
ΓH ,T
)
follows naturally [15, 21].
DEFINITION 5.5 Let Γ be a piecewise C1 surface, ΓH ,T be a triangulation, Σ
(
ΓH ,T
)
the family of
countable measurable partitions of ϖ
(
ΓH ,T
)
and A ∈ Σ (ΓH ,T ).
(i) The information function associated to A is given by
IA (x)
def
= − ∑
A∈A
logPΓH ,T [A ] 1A (x). (5.5)
(ii) The Geometric Entropy associated to A is the expectation of IA , i.e.
H(A )
def
=
∫
ϖ(ΓH ,T )
IA (x)dPΓH ,T (x) =− ∑
A∈A
PΓH ,T [A ] logPΓH ,T [A ] . (5.6)
In the last expression it is understood that 0 · log0 = 0 in consistency with measure theory.
(iii) The Geometric Entropy of the triangulation ΓH ,T is given by
H
(
ΓH ,T
) def
= sup{H(A ) :A ∈ Σ (ΓH ,T )}=−∫
ϖ(ΓH ,T )
p(x) log p(x)dx (5.7)
Where the last equality holds whenever dPΓH ,T has density p with respect to the Lebesgue mea-
sure dx in S2∪{0}. In particular for such density to exist it must hold that PΓH ,T ({0}) = 0.
5.3 Closing Remarks and Future Work
Due to analysis exposed, several observations are in order:
(i) The method we have presented to determine the probability space of preferential flow directions
can be extended to other factors of interest, depending on the framework and available information.
(ii) The analyzed factors were presented in order of difficulty, not from the mathematical point of view,
but from the applicability of its conclusions. Since the curvature effect is reduced to an eigenvalue-
eigenvector problem this is the easiest of all. Gravity demands the inclusion of an extra criterion
expensive to implement numerically, however, the minimizing set ωgrav is still easy to characterize
by an eigenvalue-eigenvector problem. Finally, the friction effect analysis yields results of mere
existence, there are no characterizations or constructive clues to find the minimizing set ω f riction.
(iii) The difficulties presented in the analysis by friction come mostly from the non-quadratic struc-
ture of the energy dissipation functional F defined in (4.1); this makes it highly impractical for
applications. In general, whichever considered factor other than the ones presented here, leading
to an energy functional whose minimizing set can not be characterized (unlike quadratic or strictly
convex functionals) is likely to be impractical for computational purposes.
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FIG. 6. Meshed Fissured Medium and Transmission Probabilities
(iv) In the aforementioned cases, proving the existence of the associated preferential fluid directions
space plays the role of theoretical support for the modeling. However, it may be wiser to use
experimental sources of information and incorporate them in the global scheme with the procedure
presented in section 5.1 for computational applications.
So far the analysis has been made for a porous medium with one single crack embedded. However, in
the future these will be applied to a fissured system, defining a Markov Chain in the following way:
(i) Define a grid on the system so that each portion contains at most one crack; see figure 5.3 (a).
(ii) On each element the space of preferential fluid flow directions can be defined using the procedure
of this work.
(iii) Let N be the number of elements in the grid. For each element, namely k, we define its transmission
probabilities {pk,n : 1 6 k 6 N} as follows. We set 0 as probability transmission between two
elements which do not share a common face. For each face of contact (4 faces on 2-D and 6 faces
on 3-D, at most) the transmission probability from the element k to its neighbor is given by the
probability that the common face has to be hit by the stream line of a preferential flow direction,
starting from the centroid of the element k; see 5.3 (b).
(iv) Since the transmission probabilities add up to one and they are all non-negative for each element,
the procedure described above clearly defines a stochastic matrix. The matrix has null entries
on the diagonal. It is also sparse because it has at most 4 non-null entries in 2-D and at most 6
non-null entries in 3-D.
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